As a generalization of essential submodules Zhou defines a µ-essential submodule provided it has a non-zero intersection with any non-zero submodule in µ for any class µ. Let M be a module. In this article we study δ-essential submodules as a dual of δ-small submodules of Zhou where 
Preliminaries
Let M be a module, N ∈ σ[M ] and µ a class of modules in σ [M ] which is closed under isomorphisms and submodules. Following Zhou 16 we call a submodule N a µ-essential submodule of K ∈ σ[M ] if for any nonzero µ-submodule X in K, N ∩X = 0, denoted by N ≤ µe K. In this article after studying some properties of µ-essential submodules we consider δ-essential submodules as a dual of δ-small submodules of Zhou Let R be a ring with identity. All modules we consider are unitary right Rmodules and we denote the category of all such modules by Mod-R. Let M be an R-module. The R-injective hull of M is denoted by E(M ), and the M -injective hull of N in the category of σ[M ] is denoted by N . For the definition of σ [M ] and N see.
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Let µ be a class of modules. For any module N , the trace of µ in N is denoted by Tr(µ, N ) = Σ{Imf :
Let N be a submodule of M (N ≤ M ). The notations N M , N ≤ e M and N ≤ d M is used for a small submodule, an essential submodule and a direct summand of M , respectively. Soc(M ) will denote the socle of Let
. Zhou 17 studies δ-R-small submodules in Mod-R. By [17, Lemma 1.2] , in the definition of δ-R-small submodule, K/X can be taken Goldie torsion, i.e. K/X can be a member of the torsion class of the Goldie torsion theory in Mod-R.
In this paper µ will be a class in σ[M ] which is closed under isomorphisms and submodules, unless otherwise stated. Any member of µ we shall call a µ-module. In this article we denote the following classes:
Clearly every essential submodule is µ-essential. But the converse is not true in general. 
The following lemma is clear from definitions. 
Now we list the properties of µ-essential submodules. We omit the proofs because they are similar to those for essential submodules (see, for example 2 ).
Example 1.3. In Lemma 1.2(e), {L i } need not be an independent family. For example, let µ be the class of simple modules and zero modules and put
Talebi and Vanaja
14 define Z M (N ) as a dual of Z M (N ) as follows: 
This torsion theory is also studied byÖzcan and Harmancı. 
Theorem 2.2. [14, Theorem 3.6] Let M be a module such that every injective module in σ[M ] is amply supplemented. Then F is closed under factor modules and
The following lemma shows that in the definition of Soc M (N ) we can take F-modules or δ-modules instead of M-modules. That is
The following proposition can be seen by [16, Proposition 3] , but we give the proof for completeness. 2) If R is a small ring (for example a commutative integral domain) then every finitely generated R-module is small. 12 This implies that Soc R (N ) = Soc(N ) for every R-module N .
3) Let R be the ring
by [6, Example 11] . This imples that Soc(Z * (R R )) = Soc R (R R ) = Soc(R R ). Since Soc(R R ) ≤ e R R , every δ-essential right ideal is essential.
4)
4 Let Q be a local quasi-Frobenius ring and J = J(Q) (the Jacobson radical 
5)
5 Let R = F [x; σ] be the twisted polynomial rings where F is a field of characteristic p > 0 and σ : F → F is the endomorphism given by σ(a) = a p (a ∈ F ). The ring R consists of all polynomials a 0 + xa 1 + x 2 a 2 + . . . + x n a n where n is a non-negative integer, a i ∈ F (0 ≤ i ≤ n), multiplication is given by the relation ax = xσ(a)(a ∈ F ) Note that R is a principal right ideal domain [5, p.597] . Let A denote the ideal xR of R. Clearly A is a maximal right ideal of R and the R-module R/A is not injective because R/A = (R/A)x (see [13, Proposition 2.6]). In [5, Proposition 9] , it is given an example of a field F such that the R-module R/sR is injective for all s ∈ R − xR. Thus some simple R-modules are injective and some are not. In particular, for the principal right ideal domain R, Z * (M 1 ) = M 1 and Z * (M 2 ) = 0 for some simple R-modules M 1 and M 2 . In this case,
µ-M -Singular Modules
Definition 3.1. Let M be a module and
The class of µ-M -singular modules is closed under submodules, homomorphic images, direct sums and isomorphisms. 
By the proof of (1). Proposition 3.2. Let P be a projective R-module and X ≤ P . Then P/X is µ-singular if and only if X ≤ µe P .
Proof. If I ≤ R R and R/I is µ-singular, then I ≤ µe R by Proposition 3.1. Now let P/X be µ-singular and assume X ≤ µe P . Let F be a free module such that F = P ⊕ P , P ≤ F . Then F/(X ⊕ P ) ∼ = P/X is µ-singular and X ⊕ P ≤ µe F . So we may assume without loss of generality P is free, i.e. P = ⊕R λ , each R λ is a copy of R.
From the properties of µ-singular modules and the above propositions the following can be seen easily. Suppose that a is an element of R but a does not belong to E. Let F be a right ideal of R maximal with respect to the properties that E is contained in F and a does not belong to F . Then (aR + F )/F is simple singular. By (b), we have a contradiction. Hence R is semisimple Artinian.
A ring R is a quasi-Frobenius ring (briefly QF-ring) if and only if every right R-module is a direct sum of an injective module and a singular module.
11 In this result we may take µ-singular modules instead of singular as the following result shows. 
